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. related but technically simpler model, it is shown that the spectrum of 
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^ 1 Introduction 

o ■ 

ON . 

Q , There are many difficulties in the study of zero-energy states of supersym- 

^ I metric matrix models. Some arise due to the fact that the spectrum of 

kJ> ' the associated Hamiltonian is continuou^, starting at zero. Accordingly, 

j_j ■ we expect it to be useful to shift to a weighted Hilbert space on which the 

. . corresponding operator has a discrete spectrum. 

In this work we illustrate the applicability of the technique to a simplified 
model which, despite its technical simplicity, still shares many of the features 
(and difficulties) of the original matrix models. The spectral properties of 
this so-called supermembrane toy model, and its purely bosonic counterpart, 
has been previously studied in [I1121E1I11E1E1IZIIS], while the underlying 
geometry of the model was emphasized in [H]. Our results on the technically 
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much more complicated matrix models will be presented in a forthcoming 
paper. 

In Section 2 we recall the formulation of the original toy model and intro- 
duce the weighted Hilbert space approach. In Sections 3 and 4 we investigate 
the spectral properties of the weighted model, and show that, under a certain 
condition on the parameter of the weight, the spectrum of the weighted model 
is in fact discrete. This is accomplished using a Cwikel-Lieb-Rozenblum-type 
bound for operator- valued potentials which is derived in Section 5 from a re- 
sult in [lOJ. We also note that the technique we use could provide a geometric 
understanding of the eigenvalue asymptotics of the purely bosonic model. 

2 The original and weighted models 

The supermembrane toy model, also called the supersymmetric x^y'^ poten- 
tial, is defined by the Hamiltonian operator 

H = -^ + V + HF = -dl-dl + x^y" + X7i - 2/72 (1) 

(where 7^ are Pauli matrices), acting on the Hilbert space 

n = L'^{M.\dxdy)(^C\ 

A corresponding hermitian supercharge operator is given by 

Q = -i{dx7i + dy^2) + a;2/73, 

such that Q2 = > 0. 

The matrix-valued Schrodinger operator H can be formally defined as a 
self-adjoint operator through the closure of the quadratic form corresponding 
to the expression ^ on C^(R2) ^ C^. The spectrum of H is a{H) = [0, 00) 
due to potential valleys along the coordinate axes, where the lower eigenvalue 
of the matrix potential, 

V + (Hp). = xY - V^^^+y^, 

tends to negative infinity - precisely cancelling the localization energy due 
to the narrowing of the valley. 

We would like to make the spectrum of the model discrete by introducing 
a weighted Hilbert space. We define 

:= L\R\p{x,y)dxdy)®C\ p{x,y) := {l + x^ + y^^^, 
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with a > 0. The inner product on T-iw is then given by 

{^ {x,y),m{x, y))c2 
'1 + + y 



The corresponding self-adjoint operator H on l-L^ is defined through the same 
quadratic form on C(J°(R2) (g) C^; 

(^,^^)^ := (^,i/^) = i|g*f >0. 

It follows that, if we define Q := p^^Q (with adjoint w.r.t Hw given by 
Q* = p~^Qp^) we have 

(vl/,^vI;)^=||Qvl>||2. 

We observe in general that any solution of iJ\E' = in "H is also a solution of 
H'^ = in the weighted Hilbert space. On the other hand, finding a solution 
of if ^ = in Hw does yield a (smoothH) solution to the differential equation 
H'^ = 0, but its decay rate may be insufficient for square-integrability. For 
this particular model it is known that there is no solution in H. 



3 Spectrum of H for a < 2 

Continuity of the spectrum of H can be proved (see by, for any p > 0, 
finding a Weyl sequence (^^t) in H such that W'^tW = 1 Vt and 

{^t,{H - p^^t) ^0, t^oo. 

Explicitly (and for /i = for simplicity), we take 

^t{x,y) := Xt{x)(j)x{y)^, 

where Xt is a cut-off function s.t. Xti^) := t^^x(x/t), x ^ [1, 2], Jj^ = 1, 
0a, is the normalized groundstate of the harmonic oscillator —dy + x'^y'^, 

My) := (^'--^^^ 

and ^ G is a unit eigenvector, 71^ = — ^. One finds that H^E'tll^ = 1 and 
i^uH'^t) < J \xtXt\dx + ci j x-^\xtx!t\dx + C2 j x'^\xt?dx < cr^ 
^by elliptic regularity 
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(here, and in the following, c, Ci, etc. denote some positive constants). 
Taking the same sequence for the weighted case, we also find 



However, the norm is now 
so that, for a < 2, 

- < c(l + 4^2)2^^ ^ 0, t^oo. 



II t II tj 

Thus, still approximates a zero-energy eigenfunction, but since its support 
moves out to infinity, this indicates that the spectrum of H is still continuous 
for < a < 2. 



4 Spectrum of H for a > 2 

The spectrum of H is discrete if and only if, for all A > 0, the rank of the 
spectral projection of H on (—00, A) is finite. Equivalently, if and only if 

sup dim Wx < 00, 

where Wx are subspaces of C(f (M^) (g) such that, for all e Wx, 

(vi/,iJvl/)^< A||vl/||2. (2) 

Note that is equivalent to 

{^,{H-Xp)^) < 0. 

It follows that the spectrum of H is discrete if and only if the operator H—Xp, 
on the original Hilbert space H, has finitely many negative eigenvalues for 
any A > 0, or more precisely, N{H — Xp) < 00, where we denote by N{A) the 
(possibly infinite) rank of the spectral projection on (—00, 0) of a self-adjoint 
operator A. We will prove the following theorem. 
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Theorem 1. For all X > and a > 2, the operator 

H,:=H-Xp = -dl - dl + xY + x^i - 2/72 - ,^ ^ ,\ (3) 

has finitely many negative eigenvalues. Furthermore, the number of negative 
eigenvalues is hounded by 

^(^a) < + ^^^^Ai-H, (4) 

where C{a) and C3 are positive constants, and < e(a) < |(a — 2). 

Our strategy is to prove this by splitting the domain of the operator into 
different regions - based on the geometry of the potential valleys - and in- 
troducing Dirichlet boundary conditions between these regions by means of 
a partition of unity. The unbounded region along the potential valley is then 
shown to admit only finitely many negative eigenvalues using a Cwikel-Lieb- 
Rozenblum bound for operator-valued potentials. In order to illustrate the 
latter part of this procedure, let us first prove that Hx defined on the region 
a; > 1 and with Dirichlet boundary condition at x = 1 has finitely many 
eigenvalues below zero when a > 2. However, despite the fact that there is a 
refiection symmetry between x and y, this result cannot be directly applied 
to prove Theorem [T] because of inconvenient intersections between regions of 
this form. Instead, we will introduce a different set of coordinates and define 
the regions with respect to those. 



4.1 Cartesian coordinates 

In the cartesian coordinates {x,y) we consider the region Q := (l,oo) x M 
and the semi-bounded operator H^^ defined by closure of the quadratic form 
corresponding to © on C^{n) ® C^. Note that, for ^ e C^{^) ® C^, 

{<iI,H^,y<il)c2dxdy 

Choosing the representation 72 = diag(l, —1), and making separate coordi- 
nate transformations y := y ± ^ in the integrals over the corresponding 
components of we find 
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where the two-dimensional scalar Schrodinger operator on the r.h.s. can be 
considered as a Schrodinger operator on the interval (1, oo) with an operator- 
valued potential V{x) = — 9| + x'^y'^ — x — Ax~° acting on L^(M, dy). This 
shifted harmonic oscillator, with the projection onto its k:th eigenvector de- 
noted Pk, is bounded below by its negative part 

oo 

V{x)- = ^(2fcx - Aa;"")_Pfc > -Ax"" J] Pk- 

k=0 0<k<X/2 

Applying Lemma [7] below (with a factor 2 coming from the trace over C^), 
we find 

iV(/^f)<iv((-92-^)-A ^ p\ 

\ 0<k<X/2 j 

(l + A/2) {Xx-'^Y x^i^Mxfdx, 

which is finite for a > 2. 



4.2 Parabolic coordinates 

Consider the coordinate transformation (cp. [9]) 



{x,y) ^ {u,v) := 




which is conformal everywhere except at the origin, and maps e.g. the open 
right half-plane bijectively onto the whole plane with the negative real line 
removed. We introduce the regions (see Figure [1]) 

A : -M < M < M, 
Bi : M > M, X > 0, 

and the corresponding reflections -62,3,4 of Bi in the symmetry lines x = 
and X = y, together with their union B := U'^^^Bj = \ ^. We will also 
make use of rescaled versions of these regions, e.g. kA, with a fixed k > 1. 
Take a partition of unity, 1 = Xa~^ Xb^ such that xa,b ^ C°°(]R^; [0, 1]), 
= 1 on A, and xb = 1 on kB. It follows that, for any ^ G C^Jr^) (g) 

(VI/, H,^) = (VI/, H.ixl, + xlm = (X^^, H^Xa"^) + (XB^, HfxB^^), (5) 
where 

Ht''':=H,-\VxA\'-\^XB\' (6) 
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Figure 1: Partition of into the regions A, 81,82,33,84. 



denotes the corresponding operator restricted to the domain kA resp. 8 with 
Dirichlet boundary condition at the boundary \u\ = k^M resp. \u\ = M. As 
we will see, the additional negative potential terms in (|6]), denoted —V^, will 
not cause any problems because they are supported on a region KAn8 where 
the potential tends rapidly to infinity. Using that N{A + B) < N{A) + N{B) 
for any two self-adjoint operators A, B, we obtain from the quadratic form 
expression ([5]) that 

4 

Consider first the region 81. Under the coordinate transformation, we 
find (cp. [9j) Aj.y = h^'^Auv and dxdy = K^dudv, with scale factor h = 
{x^ + y^)-^ = 2-5(^2 + v^)-^, so that for any ^ G ® 

/ {-A^y + x^y^ + xji - yj2 - Ap - V^)'^)c^ dxdy 

JBi 

' (-A„, + h^v^ + h^u - Xh^P - V;™)*)c2 dudv 

> r r h ( -d^-d^+^^= i 

- Ju=M J. =-00 \ \ " ^ 27^? + ^ ^{u^ + v^)\ 

^ V^'A^i) dvdu. 



where 7„ := h{x'~^i — ^72), so that 7^ = 1. We have also used that 
h^V^ = {h\V^yXA\f + {h\Va:yXB\f = \VuvXA? + |V™Xb|' =: K 



uv 
X ' 



which (with a suitably chosen xa) is independent of v, bounded by Ci/M^, 
and supported on M < \u\ < k^M. 
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Let us think of the resulting scalar Schrodinger operator in the r.h.s. of 
dZD, call it HI", as acting on L'^{[M,oo),du) ® h with fiber h = L'^(R,dv). 
Let 

Hu := -Of. + 



1 



uv 
X 



denote part of the one- dimensional Schrodinger operator acting on E, and 
observe that 

(9) 

where (A)- denotes the spectral projection on the negative part of the spec- 
trum of A. 

First, let us make a rough estimate of the spectrum of to prove that 
this spectral projection is one- dimensional when u is sufficiently large. Split- 
ting Hu into three regions (again using a partition of unity), v < —6u, 
—u < V < u, resp. v > 6u, with a fixed < 5 < 1 and Dirichlet bound- 
ary conditions at f = ±n resp. v = ±6u, we find (with some constant 
C2 > (1 - 6)-') 

^« > -d„ + — -T 7= n = -d„ + -^v 



whose spectrum is bounded below by < y^j^ (2fc + 1) — ^ ^ r 



while 



""'^>^"~ " 2(5-2t;2 + t;2)| m2 - 2^2 ^2 ^ 

and similarly for Hu\v<-5u, so that 

N[Hu- < N (hJ,,^_,,, - + N (hJ ^ 



+ N (hJ - < + 1 + 

for a >2 and u sufficiently large. Hence, only the ground state energy of H^ 
contributes to ([9]) when M is taken sufficiently large, e.g. M > (ci + C2 + A) 3 
with 5 = 0.8. 

A sufficient bound for the ground state energy is provided by Proposition 
[2] below, showing that H^ > for all u > 0, so that ([9]) becomes 



U ' 2 



0; 



where Pq denotes the projection onto the ground state of Hu. Applying 
Lemma [3, we find (after extending trivially to [1, oo)) 

3 

< C3 (AM^- 1 + ci) ^ (In K^M'f + SvrCgAi / u^-^ (In u)^ du, 

(10) 

which is finite for a > 2. This implies that N(H^^) < oo and, by reflection 
symmetry, also N{H^) < oo for all A > 0. 

It remains to prove that N{H-^) < oo. Taking the scalar lower bound for 
the potential of H^, 

■= x'y^ - ^x^ + 2/2 _ A(l + + j/2)-f _ 

and using that 

we have on the region nA 

(1 + 2yu^ + f 2) 2 
> -/\^y + v'^ - V2{k^M^ + t;2)3 - a - 2Vk4M2 + v'^CiM-'^, (11) 

and since the potential of the Schrodinger operator on the right hand side 
tends to infinity as \x\ — )-oo^ |f| — )-oo, it follows that the spectrum of H-^ 
is purely discrete, and N{H-^) < oo. 

We have proved the first statement of Theorem [TJ The second statement 
follows from ( HOj) with M = (ci + C2 + A)3, together with the following bound 
for scalar Schrodinger operators in two dimensions (see e.g. Theorem 20, 
Chapter 8.4 in [Hj): 

N{-A + V) <1 + Cg [ \V{x)^mi + \\n\x\\f''-^\x\^^''-'Ux, (12) 

with g > 1 and Cg a positive constantE]. Extending V-^ by zero outside kA, 
it follows that 

N{H^) <2 + 2C, [ |r-^(a;)_|«(l + |ln|a;||)'''-'|a;|2('?-i)rfa;. 

JkA 

■^Whether the bound extends to g = 1 is currently unknown (we note that there 
is an error in [12] )• 
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Figure 2: The bounded region where V'^ < 0. 



For large A, we have on the unbounded region |f | > k'^M (similarly to ( ITTj) ) 
that 

V^>v^- V2{2v^)-* - A(l + 2\v\)-^ - 2{2v^)hiM-^ > 0. 
Hence, the integral reduces to the bounded region |f | < k^M, i.e. 

NiH^)< [ {-V^)l (l + I In + y^lY''' (x^ + y^-' dxdy 

1 

J \-—sm'^2ip + r + X{l + r'^)~'^+r^CiM~^\ 

■ (1 + |lnr|)^''"V2''-^c/rd(^, 

where we switched to polar coordinates {r,(f ). Furthermore, this region in- 
creases in size with A at a faster rate than the geometry of the potential 
valleys, so we can split the integral into a central part and four narrowing 
regions along the valleys (see Figure [2]). We obtain the bound 

[r + A(l + r2)-f + r^ciA-a j (1 + | lnr|)^''"^ r^'^'^ dr 

1 

J (^r + A(l + r2)-t +r%A"3j {1 + In rf^'^r'^'^-^ drd<^, 

where is the solution to 

-^r^ + r + A(l + r^)"^ + r^aM'^ = 0, 
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I.e. r\ ~ 



A '4+", and ipr ^ \{r + \r ")2. The first integral is bounded by 



2q 



(rA + A + r^ciA-t)' (1 + InrA)'""^ < csA^^Jf (in A)2''-\ (13) 
and the second by 



C6 



A3 



' 2 

<3A3 



(14) 

Now, for a > 2 we can choose q sufficiently close to 1 to make these expres- 
sions dominated by o(A3). On the other hand, the first term of the r.h.s. of 
(|T0|) is asymptotically bounded by 

cg (A ■ (A2/3)i-f)f (i^^)2 ^ c9Ai-^("-2)(lnA)2 

for 2 < a < 5 and by C9(lnA)^ otherwise, and for the second term we have, 
with a =: 2 + |a and any < e < 1, 



oo 
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Im ' ' - Ji V ^ - ((l-e)a)3- 

Summing up, we obtain 

N{H,) < C{a) + 327rC3Ai-^(") ■ VA > 0, 

for some constant C{a) and sufficiently small e(a) > 0. □ 

It follows from Theorem [T] that the asymptotic eigenvalue distribution of 
the weighted Hamiltonian H is given by 

N{H - X) o{X^), A^oo, 

regardless of a > 2. We note that the same approach can be applied to the 
purely bosonic model, i.e. the scalar Schrodinger operator Hb = —A + x'^y'^, 
with a > 0. In this case there will be no contribution from the region B when 
M ~ A^, and the correct leading order eigenvalue asymptotics for a = (see 
0), 

N{Hb - X) ^ X^ In X, X — > oo, 



would be matched by the corresponding bound (1131) for the central region 
with q = I, while for the cut off valleys there is a bound analogous to f lT^ 



11 



with 



J\Tf^ ^ V ? — 1 
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One could try to improve this by instead letting M be fixed and reconsidering 
the bound on the region Bi. In any case, we have for a nonzero weight that 
N{Hb - A) ~ o(At), A ^ oo. 

4.2.1 Asymptotics of Hu 

We conclude this section with some useful properties of the operator Hu 
in the limit u — )■ oo [13]. By the change of variable v = u^t, we write 
Hu = u^^Hiu^^)., with 



^(e) := -df + - -—^ -. (15) 

2(l + et2)i V2(l + et2)i 

Proposition 2. H{e) > — |, for all e > 0. 

Proof. We use that for any f = f{t) 

{-tdt + if){-tdt-tf)>0, 

i.e. —d^ + — /' > 0. As a first attempt, let 

t 



fo--- 



V2{l + etT^ 
resulting in 

Hie) > ^. (16) 

2^2(1 + et2)! 

While the r.h.s. is bounded and vanishes as e — )■ pointwise, it does not so 
uniformly. Consider instead / = /o + e/i, with 



4(1 + et2) ■ 

We so get the bound f[T6l) pushed to 0(e): 

Hie) > ^ - 2e/o/i - e^/i + e/{ 

2^2(1 + et2)i 

- ,2.2 I e 1-K ^ 

- e/i+e/i- 4 + 4- 



□ 
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Let Pq denote the projection onto the ground state of i^o •= -^^(0), i-e. 



{Po^){t) = ifoit) J ipoiT)llj{T)dT, 

where Mt) = {V27fyh~''/^^^^ is its normahzed wave function, and let 
P(f := 1 - pQ. Note that 



m - = -- (i - (1 + et^)-i) + 71 (i - (1 + ^t')-' 



and 

(¥.o,i^(eVo) = -| + o(e). (17) 

Proposition 3. ^(e) > (-| + o(e)) Pq + cPq, as e -)■ 0, where c> 0. 

We start with 
Lemma 4. For small e > 0, 

(Note: \/2 is the excitation energy of Hq.) 

Proof. We again use a partition of unity and let = {i = 1,2) be 

smooth functions with /f + /| = 1, /2(s) = for \s\ < 1, and /i(s) = for 
|s| > 2. Set fi{t) = fi{t/R). Then 

^(e) = /i^(e)/i + /2^(e)/2 + OiR~'). 

For large R, that error is < V2/IO and 

m,d^]Poi ii(i-/i)Poii 

have the same bound (for later use). The potential of H{e) in ( 1T5|) . denote 
it V{e, t), satisfies 

t^ 1 

V{e,t)> 

2(l + t2)| 72 

for < e < 1. This is > for t E supp /2 if R is large enough. Hence, we 
obtain f2H{e)f2 > V2fl Now, for fixed R, 

f,H{e)f, = f,Hofi + 0{e), 
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and we take e small enouerh that |0(e)| < 72/10. We consider 

+ hP^H,{hP^-P^h). (18) 

Using HqPq = we have 

HoUiP^ - P^h) = HoiPofi - hh) = ifiHo - Hoh)Po = [fi, -d^]Po 

for the last term of (|T8|) . and similarly for the second. Together with the 
bound / q -f^o-Po" — V^-^o" conclude 

Po^mP,"- > v^(/iPoVi + /I) - + 1 + 2)- 

Multiplying again with and using 

and —P^fipQ = P(^{1 — fi)Po, we obtain 

Po^mP,^ > V2P,\fl+jl)P,^ - ^(4 + l)Po^ = ^P,\ □ 

=1 

Proof of Proposition O We decompose 

H{e) = PoH{e)Po + P^H{e)P^ + P^{H{e) - H,)P^ + Po{H{e) - ^0)^0^, 

since PqHqPq = 0. The first two terms are greater than — |Po + o(e) by (IT7I) . 
resp. :^-Po" by Lemma HI Expectations of the third one are bounded as 

\{^l;,P,'-{H{e)-Ho)Po^l')\ < ||PoVll II (^(e) - ^o)PoV'|| < ceHPo^V'll ll^'oV'll 

< ce (e-^||PoVir + e^ll^o^f 

and so for the fourth one. Therefore, 

m > (-| + 0(e)) A + - ce^^ Po^ 

where the second bracket is positive for e small enough. □ 
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5 CLR bound for operator-valued potentials 

Given a separable Hilbert space A, we denote by S^{ft) the set of compact 
symmetric operators A on fi s.t. tr^ \ A\p = tTi{A'^ Ay^'^ < oo. The following 
theorem is given as Corollary 2.4 in [10] (see also p^): 

Theorem 5. Let h he some auxiliary Hilbert space and V a potential in 



for some positive constant Cd- 

It is also noted in [10] that the operator := —A ® 1^ + V \s self-adjoint 
and semi-bounded from below on the corresponding Sobolev space HiiW^; n), 
and that aess{Hd) C [0, oo). 

From the above theorem we can derive the following [15]: 

3 

Lemma 6. Assume h is an auxiliary Hilbert space and V : [0, oo) — ?■ 5*2 (/t) 
a smooth operator-valued potential. Let Hi := —d^ ^ 1^ + V be self-adjoint 
and defined by Friedrichs extension on H). Then 



Proof. Consider N{Hi) = sup^^gyy^ dim , where Wi denotes the set of 
linear subspaces W C C^{R_^;fi) C L'^{R+;E) s.t. {u, Hiu) < W E W. 
For u E W E Wi and x G M^, r := we let ipi^x) := -u{r). Then 



Hence, ip G W G W3 for some W, where W3 denotes the corresponding set 
of linear subspaces W C C^{R^; r) C L'^{R^; ft) s.t. H^ip) < V?/' G W. 
Also, if Mi,U2 in G Wi are orthogonal, then so are the associated 'ipi,ip2 



L"'/2(M"';5"'/2 (/,)), d>3. Then 






4:Tt{u,Hiu) < 0. 
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in W G W3, so that to each W G Wi there corresponds a W^' G W3 with 
dim > dim W. Hence, 

N{Hi) = sup dimiy< sup dim W = N{Hs) 

< C3 / tT,\V{\x\)-\^ dx = AnC3 f ti, \V{r).\K^dr, 

by Theorem O □ 

Lemma 7. Mi/i /t and as above, let H2 := (— — 4^) (8) 1^ + 6e 
self-adjoint and defined by Friedrichs extension on C^((l, oo); It). Then 

f°° 3 
N{H2) <inC3j tT,\V{x).\^ x\lnxfdx. 

Proof. We have for u G C^{{1, 00); that 

{u,H2u) = {\\u\x)\\l - ■^\\u{x)\\l + {u{x),V{x)u{x))^^ dx. 

Note that 

11(9,. - ^) u{x)\\l = \\u'{x)\\j - ^ {{u'{x),u{^)), + HxU'ix)),) 
so that after integrating by parts, 

/oo 
(II ("^^ ^) ^(^)|Ia + {u{x),V{x)u{x))^j dx. 

We can write u{x) = x^v(x), with v G C^((l, 00); H), implying 

/oo ^ \ 

( ||a;2t)'(x) 11^ + (t>(x), xV{x)v{x))f ) dx. 

Put t := Inx and w{t) := v{e*). Then w G C~((0,oo); A) and 

POO 

{u,H2u)= I {\\w'it)f, + {wit),e''Vie')wit)),)dt 
{w{t), {-dl ®U + e^'V{e')) w{t))^ dt. 
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00 



We also note that there is a 1-to-l correspondence between hnearly inde- 
pendent sets of such u G C^((l, oo); /t) and w G C^((0, oo); /i). Applying 
Lemma [6] with the potential W{x) = e^^V{e^) we find 
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